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bstract
In this paper, we show that if an automorphism α  of an abelian torsion group, which is in fact a direct sum of its p-components, has
he weak extension property then α  =  πidAp +  ρ, where p  is a prime number, π  is an invertible p-adic number and ρ  ∈  Hom(Ap,  A1p)
ith A1p is the first Ulm subgroup of the p-component Ap of A. 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).In 1987, Schupp showed that the extension prop-
erty in the category of groups characterizes the inner
automorphisms, see [1]. Later, Pettet gives a simpler
proof of Schupp’s result and showed that the inner auto-
morphisms of a group are also characterized by the
lifting property in the category of groups, see [2]. Thebehalf of Taibah University. This is an open access article under the
automorphisms of abelian p-groups having the exten-
sion property in the category of abelian p-groups are
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characterized in [3]. In this article, we will define the
weakly extension  property  (WE) by:
Let Γ  a class of abelian p-groups, A  ∈  Γ  and
α ∈  Aut(A).
For all B  ∈  Γ  and any monomorphism groups
λ : A  −→  B  and if there is a positive integer m  such that
the restriction of λ  to mA  is an isomorphism from mA
to mB  there exists α˜ ∈  Aut(B) such that the following
diagram:
A
λ−→ B
α  ↓  ↓ α˜
A
λ−→  B
is commutative.
In this paper, we will give the expression of the auto-
morphisms of an abelian p-group that has the weak
extension property and then we will conclude the form
of the automorphisms of the abelian torsion group that
satisfies the weak extension property.
2.  Weakly  extension
Throughout this section, o(x) will denote the order of
the element x and p  is a prime number.
Theorem 1.  Let  A  be  an  abelian  p-group  and
α ∈  Aut(A).  If  α  satisﬁes  the  weak  extension  property
(WE) in  the  category  of  p-groups  then  α  = πidA + ρ  where
π is  an  invertible  p-adic  number  and  ρ  ∈  Hom(A, A1)
with A1 is  the  ﬁrst  Ulm  subgroup  of  A.
Proof.  The proof is technical so we shall proceed by
three steps.
Step 1:  For  all  x  ∈  A, if  〈x〉  is  a direct  summand
of A  then  there  exists  a  relative  integer  mx such  that
α(x) −  mxx ∈  A1.
For let x ∈  A  such that o(x) = pr where r  is a positive
integer and write A  = 〈x〉  ⊕  A′ where A′ is a subgroup of
A. Since α(x) ∈  A, then there exists a relative integer mx
such that
α(x) =  mxx  +  a′wherea′ ∈  A′ (1)
To prove that a′ ∈  (A′)1, assume the contrary.
Let B  be a basic subgroup of group A′; by Theorem32.4 ([4], p. 138) we have:
B  =  ⊕n≥1Bn with
{
Bn =  ⊕i∈In〈xn,i〉
o(xn,i) =  pn, ∀i  ∈  Inrsity for Science 9 (2015) 357–360
And by letting B∗n =  ⊕j>nBj , for n ≥  1, we have:
∀n  ≥  1,  A′′ =  B1 ⊕  · · ·  ⊕  Bn
⊕An where An =  B∗n +  pnA′
Then for each a′ ∈  A′ there exists m  ≥  1 such that:
a′ =  b1 +  ·  · ·  +  bm +  am, bi
∈  Bifor1 ≤  i ≤  m,  am ∈  Am and bm /=  0 (2)
Now consider the group G  such that G  = 〈y〉  ⊕  A′ with
y ∈ A  and o(y) = pr+m, and define a group homomorphism
λ from A  = 〈x〉 ⊕  A′ to G  = 〈y〉 ⊕  A′ by:
λ(x) =  pmy,  λ(bi) =  bi and λ(am) =  am (3)
Then clearly λ  is a monomorphism of groups. For
let a  ∈  ker(λ) and write a  = mxx  + a′ with mx is a relative
integer, a′ ∈  A′. Then
0 =  λ(a)
=  λ(mxx  +  a′)
=  λ(mxx  +  b1 +  · ·  · +  bm +  am)by (2)
= mxpmy  +  b1 + · ·  · +  bm +  amby (3)
= mxpmy  +  a′by (2)
Therefore mxpmy = a′ = 0, and thus pr+m|mxpm. So
there exists a relative integer t such that mx = tpr. Hence
mxx = tprx  = 0 and a = 0.
On the other hand we have pr+mA  = pr+mA′ and
pr+mG  = pr+mA′. Thus the restriction of λ to pr+mA  is an
isomorphism from pr+mA  onto pr+mG  (in fact, λpr+mA =
idpr+mA). Moreover, since α  satisfies the property (WE)
then there exists α˜ ∈  Aut(G) such that the following
diagram:
A
λ−→ G
α  ↓  ↓ α˜
A
λ−→  G
is commutative, i.e.,
∀x  ∈  A,  λα(x) = α˜λ(x) (4)
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Now considering the projection prm of G  on Bm and
y (1) and (2) we have:
prm(λα(x)) =  prm(λ(mxx  +  a′))
= prm(λ(mxx  +  b1 +  · ·  · +  bm +  am))
= prm(mxpmy +  b1 +  · · ·  +  bm +  am)
= bm
lso, since α˜(y) ∈  G  i.e., α˜(y) =  ky  +  b′1 +  · ·  · +  b′m +′
m where k is a relative integer, b′i ∈  Bi for 1 ≤  i ≤  m  and′
m ∈  Am. It follows that:
prm(α˜λ(x)) =  prm(α˜(pmy))
= prm(pmα˜(y))
= prm(pm(ky  +  b′1 +  · · ·  +  b′m +  a′m))
= prm(kpmy  +  pma′m)
= 0
herefore by (4): bm = 0, which is a contradiction. Thus
′ ∈  (A′)1 ⊆  A1, which finishes the proof of step 1.
Step  2:  Let  B  a  basic  subgroup  of  A:
 =  ⊕n≥1Bn with
{
Bn =  ⊕i∈In〈xn,i〉
o(xn,i) =  pn,  ∀i  ∈  In
For  any  b  ∈  Bn, there  is  a relative  integer  kn and
1 ∈  A1 such  that  α(b) = knb + a1.
Since every direct summand of Bn is a direct summand
f A  then by step 1 we have:
α(xn,i) = kn,ixn,i + a10 where a10 ∈ A1
α(xn,j) = kn,jxn,j + a11 where a11 ∈ A1
α(xn,i + xn,j) = k′(xn,i + xn,j) + a12 where a12 ∈ A1
Also since α(xn,i + xn,j) = α(xn,i) + α(xn,j), then
k′ −  kn,i)xn,i +  (k′ −  kn,j)xn,j =  a10 +  a11 −  a12 ∈  A1.
herefore (k′ −  kn,i)xn,i + (k′ −  kn,j)xn,j ∈ B  ∩  A1 = 0 and
hen (k′ −  kn,i)xn,i = (k′ −  kn,j)xn,j = 0. Consequently pn
ivides both k′ −  kn,i and k′ −  kn,j. Then pn|kn,j −  kn,i
nd hence kn,j = kn,i + tpn for some a relative integer t.
It follows that
α(xn,j) =  kn,jxn,j +  a11
=  (kn,i +  tpn)xn,j +  a11
=  kn,ixn,j +  tpnxn,j +  a11
=  kn,ixn,j +  a11
=  knxn,j +  a11rsity for Science 9 (2015) 357–360 359
On the other hand, for all b  ∈ Bn we have b  =∑r
t=1mtxn,it . Then
α(b) =
r∑
t=1
mtα(xn,it )
=
r∑
t=1
mtkn(xn,it +  a11)
=
r∑
t=1
mtknxn,it +
r∑
t=1
mtkna
1
1
=  kn
r∑
t=1
mtxn,it +
r∑
t=1
mtkna
1
1
=  knb  +
r∑
t=1
mtkna
1
1
Consequently for all b  ∈  Bn we have α(b) = knb  + a1 with
a1 =∑rt=1mtkna11 ∈  A1.
And this finishes the proof of step 2.
Step 3:  Let  B  a  basic  subgroup  of  A. For  any  b  ∈  B
we have  α(b) = πb  + a1 where  a1 ∈ A1.
For let consider n  and m  be two nonzero integers such
that n  > m. Since every direct summand of Bn or Bm is a
direct summand of A  then by step 1 we have:
⎧⎪⎨
⎪⎩
α(xn,i) = knxn,i + a10, where a10 ∈ A1
α(xm,j) = kmxm,j + a11, where a11 ∈ A1
α(xn,i + xm,j) = k′(xn,i + xm,j) + a12, where a12 ∈ A1
Also since α(xn,i + xm,j) = α(xn,i) + α(xm,j), then
(k′ −  kn)xn,i +  (k′ −  km)xm,j =  a10 +  a11 −  a12 ∈ A1.
Therefore (k′ −  kn)xn,i + (k′ −  km)xm,j ∈  B  ∩  A1 = 0 and
then (k′ −  kn)xn,i = (k′ −  km)xm,j = 0. Consequently pn
divides k′ −  kn and pm divides k′ −  km. Hence pm divides
km −  kn because n > m.
Now let π a p-adic number defined by the sequence
(kn)n≥0 (with k0 = 0 and kn = kn−1 if Bn = 0), π is invert-
ible and pm|km −  π, for all a positive integer m. So there
exists π′ a p-adic number such that km = π  + π′pn. Then
α(xm,j) =  kmxm,j +  a11
=  (π  +  π′pn)xm,j +  a11
=  πxm,j +  π′pnxm,j +  a11
=  πxm,j +  a11Consequently, it is easy to see that for all b  ∈ B  we have
α(b) = πb  + a1 where a1 ∈ A1. And this finishes the proof
of step 3.
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Now let a  ∈  A, and n  is a positive integer. By ([4], p.
139) we have a  = b  + pna1 where b  ∈  B  and a1 ∈  A. Hence:
α(a) =  α(b  +  pna1)
=  α(b) +  pnα(a1)
= πb  +  b1 +  pnα(a1) where  b1 ∈  A1
=  πb  +  pnb′ +  pnα(a1) where  b′ ∈  A
= πb  +  pna2 where  a2 =  (b′ +  α(a1)) ∈ A
= πb  +  πpna1 −  πpna1 +  pna2 where  a2 ∈  A
= πa  +  pna3 where  a3 =  (a2 −  πa1) ∈  A
Then for all a positive integer n  we have
α(a) −  πa  ∈  pna3, i.e., α(a) −  πa  ∈  A1. Finally there
exists an homomorphism ρ  between A  and A1 such that
α = π  idA + ρ where π  is an invertible p-adic number
and ρ  ∈  Hom(A, A1) 
Proposition  1.  Let  A  be  an  abelian  torsion  group  and
α ∈  Aut(A).  If  α  satisﬁes  the  weak  extension  property
(WE) in  the  category  of  torsion  groups  then  αAp =
πidA +  ρ  where  π  is  an  invertible  p-adic  number  andp
ρ ∈  Hom(Ap, A1p) with  A1p is  the  ﬁrst  Ulm  subgroup  of
Ap.rsity for Science 9 (2015) 357–360
Proof.  Since A  is an abelian torsion group then A
is a direct sum of its p-components and if Ap is the
p-component of A  then αAp ∈  Aut(Ap). Hence αAp
satisfies the property (WE) (since α satisfies the prop-
erty (WE)). Now by Theorem 1.1, we have αAp =  π
idAp +  ρ  where π is an invertible p-adic number and
ρ ∈  Hom(Ap, A1p) 
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